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Bi ALEXANDBft MACFAKLASE. 



ON THE DEFINITIONS OF THE TRIGONO- 
METRIC FUNCTIONS. 



[Read before the Mathematical Congress at Chicago, August 22, 1893.] 



In a paper on ^' The Principles of the Algebra of Physics ^^ I 
introduced a trigonometric notation for the partial products of 
two vectors, writing 

AB = cos AB + SinAB, 

where cos AB denotes the positive scalar product, and Sin AB the 
directed vector product. To denote the magnitude of the vector 
product I used the notation sin AB without a capital: it is not 
the exact equivalent of the tensor, because the magnitude may be 
positive or negative. With the additional device of using the 
Greek letters a, fi, y, etc., to denote axes, it is possible to dis- 
pense with the peculiar symbols introduced into analysis by 
Hamilton, namely, S, V, T, U, K, /; and the space-analysis 
then assumes to a large extent the more familiar features of 
the ordinary analysis. The notation raises the question of the 
relation of space-analysis to trigonometry. If cos and sin are 
correct appellations of the products mentioned, are there prod- 
ucts of two vectors which are correctly designated by tan, sec, 
cotan, cosec ? At p. 87 of the Principles I give a brief answer to 
this question ; but a complete answer called for a more thorough 
investigation than I had then time to make. 

This trigonometrical notation has been briefly discussed by Mr. 
Heaviside {The Electrician, Dec. 9, 1892). He takes the position 
that vector algebra is far more simple and fundamental than 
trigonometry, and that it is a mistake to base vectorial notation 
upon that of a special application thereof of a more complicated 
nature. I believe that this paper will show that trigonometry 
is not an application of space-analysis, but an element of it ; and 
that the ideas of this element are of the greatest importance in 
developing the higher elements of the analysis. 
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The notation has also been diaeussed by Professor Alfred Lodge 
(Nature, ^ov. 3, 1892). He takes the following view: "The 
patticiilai' symbol used to denote a scalar or a vector product is 
a matter of secondary importance, but is a matter which must 
sooner or later be settled if vector algebra is to come into general 
use. Lord Kelvin is of opinion that a function-symbol should be 
written with not less than three letters, and Professor Macfar- 
lane's notation obeys that law, and is, moreover, easy to work 
with ; but is incomplete, being applicable to products of two vec- 
tors only." 

I consider that the notation is a matter not of secondary, but 
of paramount importance. If the notation is arbitrary, it given 
ns no help in the further development of analysis; if on the 
other hand it is systematic and logically connected with the 
existing notation of analysis, it points the way to more general 
principles and results. I believe that this paper will show that 
my notation is systematic and logical. 

It is not true that the notation ia applicable to products of 
only two vectors. In the Principles I have shown that the com- 
plete product of three vectors consists of three partial products, 
and that of four consists of five partial products : these several 
products are specified by means of the cos and Sin notation. 
The additional principle introduced ia that in space of three 
dimensions the aspect of an area can be speciHed by the asis 
which it wants ; hence that the complete product of an area- 
vector and a line-vector consists of two partial products which 
may be denominated the cos of the area and line, and the Sin 
of the area and line. 

In this paper I propose first to review critically the historical 
definitions of the trigonometric terms, and the definitions, trian- 
gular, circular, or hyperbolic, given in the best modern treatises 
at my command ; then to devise a logical system of definitions 
which will apply to space-analysis and that modern trigonometry 
which, as Professor Greenhill* shows, includes the properties 
both of circular and hyperbolic functions, and will be able to 
bring within the same domain the properties of the elliptic, gen- 
eral hyperbolic, and other functions. In this paper attention is 
mostly given to trigonometry in a plane j in a paper on T/ie Prin- 
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DEFINITIONS OF THE TRIGONOMETRIC FUNCTIONS. 3 

ciples of Elliptic and Hyperbolic Analysis I consider trigonometry 
in space. 

The ancient method of defining the trigonometric terms is 
described by De Morgan at p. 18 of his " Trigonometry and Double 
AlgebraJ' A straight line OP of constant length (Fig. 1) revolves 
round from a starting position OA ; the arc AP traced out by 
the extremity of the revolving radius represents the angle AOP. 
From P draw a line PM perpendicular to OA ; from A draw a 
line ATQ.t right angles to OA, and terminating in OP produced; 
draw OB at right angles to OA and equal to OA, and from B 
draw -BF at right angles to OB and terminating in the line of 
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OP. The line PJIIf is called the sine of the arc AP, the line OM 
is called the cosine, the line AM the versed-sine, the line AT the 
tangent, the line OTthe secant, the line 5Fthe cotangent, and the 
line OF the cosecant. 

Here the terms sine, cosine, versed-sine, etc., are applied to 
certain lines drawn in and about a sector of a circle. These 
lines are commonly called the trigonometric lines ; but inasmuch 
as they have reference to a circular sector and not to a triangle in 
general, they are more properly denominated circular lines. The 
trigonometric lines proper may be defined independently of the 
circle or any other curve. 

We also remark that for the purposes of the higher analysis 
the circular lines must be defined with the utmost exactness; 
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difference of sense is not immaterial, still less is difference dt 
direction. The sine-line is 'MP not PM, still less AS drawn 
from A perpendicular to OP, According to the account given 
by Dr. Hobson* of the ancient method, the tangent-line is not 
AT, but PD drawn a tangent to the circle at P, and terminated 
in the line of OA. Thus there are four logically distinct ways 
of defining the tangent line : Jirst, it may mean the line drawn 
from A at right angles to OA; second, the line drawn from A 
a tangent to the circle at A; third, the line drawn from P at 
right angles to OP', fourth, the line drawn from P so as to touch 
the circle at P. The first definition agrees with the most ancient 
conceptions of the tangent ; namely, the umbra versa of Abu'l 
Waf^,t and the KaOero^ of Copernicus ; t the fourth view is taken 
by Professor Greenhill. § These four lines may be all unequal 
and differently directed when another curve such as the logarith- 
mic spiral is substituted for the circle. It is necessary then to 
devise a separate notation for each. 

In the same way there are four logically distinct definitions of 
the secant-line. It may mean, j^rs^, OT cut off by the perpendic- 
ular from A; second, OT cut off by the tangent at A; third, OD 
cut off by the perpendicular from P; fourth, OD cut oft' by the 
tangent at P. The first conception agrees with the wrorcivovo-a of 
Copernicus, II while the fourth answers to the etymological con- 
ception of the tangent. 

It is instructive to remember that the primary conception of 
the sine was the half of the chord of the double arc, and that 
it was long before the conception of the cosine was developed 
beyond that of the sine of the complementary arc. 

The circular ratios are thus defined by De Morgan.lT Let 6 
denote the angle AOP (Fig. 1) ; then 

8in,9 = ^, cos6 = ^, vers<9 = ^, tan.9 = 4?'. 
OP OP OP OA 

OT BV OV 

sec = ---, cotant = --^, cosec 6 = ^^-^• 

OA' OB OB 

* Treatise on Plane Trigonometry, p. 16. 

t Cantor's Vorlesungen fiber Geschlchte der Mathematik, Vol. I., p. 642. 
t Ibid., Vol. II., p. 433. § Differential and Integral Calculus, p. 29. 

II Cantor's Geschlchte, Vol. II., p. 433. IF Double Algebra, p. 19. 
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Here three different radii OA, OP, OB are introduced, but no 
reason is given why in a particular case one should be preferred 
to either of the others. Why should the secant be defined with 
respect to OA while the cosine is defined with respect to OP? 
Is it a matter of indifference which radius is taken ? It may be 
as regards mere numerical ratios, but it is not so as regards geo- 
metric ratios. Accuracy of definition is essential to the higher 
development of trigonometry. 

In consequence of defining some of the ratios with respect to 
the revolving line OP (Fig. 1) instead of the initial line OA, a 
difficulty in the signs is introduced; to wit, OP is always posi- 
tive, even when coincident with OA' or OB', which are held to be 
negative. This view in my judgment partakes of the nature of a 
paradox. De Morgan attempts to dissolve it by the following 
explanation (Double Algebra, p. 8) : — 

"When the revolving line comes into the position OA', is it 
negative ? I answer, no : OA' as a projection is considered as 
part of a line which makes an angle 0° with the starting-line ; 
and on a line so described is negative. But OA' as a position of 
the line of revolution is part of a line which makes 180® with the 
starting-line ; and thus considered it is positive. The same con- 
siderations apply to the other axis. A line may be considered as 
making with itself an angle of 0® or an angle of 180® ; whatever 
signs its parts have in the first case they have the opposite ones 
in the second." 

Now the terms positive and negative, symbolized by + and — 
respectively, are essentially relative; they in their simplest 
application compare one line with another. If the line com- 
pared has the same direction as the line of reference, it is posi- 
tive with respect to that line ; if it has the opposite direction, 
it is negative with respect to that line. The line OA' is negative 
with respect to OA, and it is equally true that OP when coin- 
cident with OA' is negative with respect to OA, The line OB' 
is negative with respect to OB, and OP when coincident with 
OB' is negative with respect to OB, There is no meaning in 
saying that OP is always positive. The fact is that We cannot 
dispense with the idea of an initial line as a basis of reference, 
and I propose to show in the development which follows that 
the ratios are properly defined with respect to this initial line. 
The radius which should appear in each of the definitions is the 
radius OA, 
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The modem method seeks to define the trigonometric ratios 
independently of the circle merely by means of two intersecting 
lines. In elementary works this is 
first done under the limitation that 
the lines intersect at an acute angle. 
For instance, Tod hunter proceeds 
thus {Ptave Trigovometry, p. 14) : — 
"Let BOG (Fig. 2) be any angle ; 
take any point in either of the con- 
taining straight lines, and from it 
draw a perpendicular to the other 
straight line ; let P be the point in 
the straight line OC, and PM per- 
pendicular to OB. We shall use the 
letter A to dtoote the angle BOG. Then 

-pm, that is ^ ^ . , is called the sine of the angle A; 

OP hypotenuse " 

— , is called the cosine of the angle A; 

le' * ' 

perpendicular 




Fio. 3, 



PM 
DM' 



, is called the tangent of the angle A ; 
is called the cotangent of the angle A ; 



OP 
0^* 



perpendicular' 

— , is called the secant of the angle A ; 



hypotenuse 
base 



., that i 



hypotenuse 

perpendicular 



is called the cosecatU of the angle A. 



PM' 

If the cosine of A be subtracted from unity, the remainder is 
called the versed-aiite of A. If the sine of .il be subtracted from 
unity, the remainder is called the coversed-aine of A." Equiva- 
lent definitions are given by Levett and Davison • and by Hobson.t 
The definitions quoted are accurate only so far as arithmetical 
magnitude is concerned ; they take no account of sense or direc- 
tion. For exact purposes it is not indifferent whether the per- 



• Plane Trigonometry, p. 4, 



1 Plane Trigonometry, p. 16. 



DEFINITIONS OF THE TRIGONOMETRIC FUNCTIONS. 7 

pendicular be drawn from OB or from 0(7, and whether the sine 

PM MP 

be defined as — — or — — • In consequence of dropping out the 

idea of an initial line it is necessary to compare OM and MP 
with OP, which does not coincide with the axis on which the 
projection is made. The cotangent so defined answers to the old 
conception of the umbra, the tangent to that of the umbra versa, 
and the secant to that of the hypotenuse of Copernicus. A diffi- 
culty is encountered with the versed-sine; for it is not defined 
geometrically like the others, as the ratio of two lines; it is 
defined analytically. Why this breakdown in the scheme of 
definitions ? But the above definitions are not comprehensive 
enough even for the simple case where the lines meet at an 
obtuse angle, because then the triangle POM encloses not the 
angle BOC, but its supplement. 

The definitions are extended by dropping the idea of a right- 
angled triangle, and substituting the idea of projection. Thus 
Levett and Davison, following De Morgan, say (p. 93) : — 
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" Let a line rotate about (Figs. 3 and 4) from OX through 
any positive or negative angle « to the position 0A\ let OF be 
a line making an angle f in the positive sense with OX; and let 
OA, OX, OF be the positive senses of the lines OA, OX, OF. 
Let a length OP, of any magnitude and of either sense, be meas- 
ured along OA ; and let OM, ON be the projections of OP on 
OX, OF respectively. The ratio 0M\ OP is called the cosine of 
the angle a, ON: OP the sine of a, ON: OM the tangent of a, 
OP: 03/ the secant of a, OP: OJVthe cosecant of a, and OM: ON 
the cotangent of «. These ratios are called the Circular Functions 
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of the angle a." The following is added in small print : " Two 
other ratios are occasionally used, and are defined as follows : II 
the length OP be equal in magnitude to OX, and positive in 
sense, and if 0Y= OS, the ratio MX: OP is called the veraijie 
of a, and NY: OP the cooeraine of a." 

The above mode of defining assumes that a line may be posi- 
tive in itself, whereas there are reasons for believing that posi- 
tive and negative have their primary meaning in the comparison 
of two lines. Again, in order to define the versine, the two inter- 
secting lines are given up, and conditions are imposed equivalent 
to introducing the circle ; for OP is made of constant length, and 
is supposed to be always positive. 

Mr. Carr in his Synopsis of Pure MaZhematica defines the sine, 
cosine, and tangent geometrically ; but the secant, cosecant, and 
cotangent as the respective reciprocals of these. It is surely- 
more logical to define each function geometrically and indepen- 
dently, and afterwanls prove what relations exist between them. 

From the definitions examined we may conclude that under the 
one name of trigonometric ratios are comprised two species : the 
geometric, or rather triangular, and the circular proper. The 
triangular ratios are defined independently of the 011*016, and 
they include some of the circular ratios as special cases. 

Further light on this subject may be obtained by considering 
those functions analogous to the circular which depend on the 
equilateral. hyperbola, or ex-circle. The convenient terms "ex-cir- 
cle " and " ex-circular " have been introduced by Mr. Hayward for 
the phrases "equilateral hyperbola" and "equilateral hyperbolic," 
commonly called " hyperbolic " ( Vector Algebra and Trigonometi-y, 
p. 128). The following method of defining these ratios is adopted 
by Messrs. Levett and Davison {Plane Trigonometry, p. 258) : — 

"Let a point move along the curve (Fig. 5) from the vertex A 
of one branch of a rectangular hyperbola, whose centre is and 
semi-axis equal to a, to the position P; let A be the area of the 
hyperbolic sector AOP, and let u = ?-^; that is, let u be the 

measure of the sector AOP, the unit of measurement being the 
square whose diagonal is the semi-axis. 

"Take OF, a line making an angle of 90° in the positive sense 
with the transverse axis OAX, and let OM, ON be the projec- 
tions of 0/*on OX, OFrespeotively; then the ratio 
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OM: OA is called the hyperbolic cosine of u, 
ON : OA the hyperbolic sine of u, 
ON : OM the hyperbolic tangent of u, 
OA : OM the hyperbolic secant of u, 
OA ; ON the hyperbolic cosecant of u, 
OM: ON the hyperbolic cotangent of w." 

We observe that here the ratios are not defined with respect to 
the radius-vector OP, but with respect to OA the initial line ; to 




Fig 5. 



define them with respect to OP would be an error. Wherefore, 
we conclude that it is the analogue of OA, not the analogue of 
OP, which should be introduced into the definitions of the circu- 
lar ratios. We also observe that the hyperbolic argument is not 
the ratio of the arc to the initial radius, but the ratio of twice the 
area of the sector to the square on the initial radius; hence 
the true analytical argument for the circular ratios is not the 
ratio of the arc to the radius, but the ratios of twice the area of 
the sector to the square on the radius. This leads us to the idea 
that the trigonometric ratios may be ratios of areas as well as 
ratios of lines. 
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Dr. Gunther,* following M. Laisant,t gives the definitions of 
the circular lines which appear to furnish most readily the defini- 
tions of the analogous ex-circular lines. Let APB (Fig. 1) be a 
circle of unit radius, and let w denote double the area of the sec- 
tor AOP; draw FM perpendicular to OA, and FN to OB; draw 
ATs. tangent to the circle from A terminating in OP produced, 
and JBFa tangent to the circle at B also terminating in OP pro- 
duced ; draw a tangent to the circle at P cutting the axis of OA 
in D, and that of OB in E. Then the line FM or ON rei)resents 
sinw, the line OM or NF cosw; AT represents tanw, and BV 
cotanw; while OD, not OTy represents secu, and OE, not OV, 
cosec u. The six ratios are represented by lines along the axes of 
projection, — three along the axis of abscissae, and three along the 
axis of ordinates ; none have the direction of the radius-vector. 
The definition of the tangent takes the second view, while that of 
the secant takes the fourth view of it mentioned at page 4 above. 

The analogous lines are defined in the following manner ; Let 
AFB (Fig. 5) be an equilateral hyperbola of unit semi-diameter, 
and let u denote double the area of the sector AOF; draw FM 
perpendicular to 0-4, and FN to OB) draw AT q, tangent to the 
hyperbola at A terminating in OF, and ^Fa tangent to the con- 
jugate hyperbola at B also terminating in 0F\ draw a tangent 
to the hyperbola at P cutting the axis of OA in D, and that of 
OB in E, Then the line iJfP represents sinht^, OJf coshw, AT 
tanhw, BV coth w, OD sechi*, and OE cosechi^. The analogous 
ratios are represented by the analogous lines. We observe that 
AT 2Jidi JBF might have been defined as drawn at right angles to 
OA and OB respectively, that is,* according to the first view of 
the tangent ; but that OD corresponds to the fourth view of the 
secant, and to it only. Why is it that analysts find it easier to 
deal with lines which have the directions of the axes than with 
lines having any other direction such as that of the radius-vector, 
or of the true tangent ? Because the former involve scalar prod- 
ucts only, while the latter involve vector products. 

M. Laisant, in his admirable Essai, extends his definitions of 
the trigonometric lines to the ellipse and general hyperbola. 1: 

* Die Lehre von den gewohnlichen und verallgemeinerten Hyperbelfunc- 
tionen, p. 92. t Essai sur les fonctions hyperboliques. 

X Essai sur les fonctions hyperboliques, p. 269. 
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Let APB' (Fig. 13) be an ellipse of such size that the product 
of its two semi-axes OA and OB' is unity. By u is meant twice 
the area of the sector AOP; elliptic cosw is represented by OJ/, 
elliptic sinu by MP, elliptic secw by 02>, elliptic tan it by AT, 
elliptic cotani6 by B'V, and elliptic cosecw by OE, Here the 
denominator of the ratio u is the product of the two semi-axes. 

Many analysts hold that the circular functions might be 
defined by purely algebraic ideas. Eor instance, De Morgan 
(Double Algebra, p. 34) : " I said that we should soon make it 
very evident that a purely algebraical basis might have been made 
for trigonometry. If we had chosen to call the preceding func- 
tions of z, namely, 

by the names of cosine, sine, and tangent of z (and their recipro- 
cals secant, cosecant, and cotangent), we might have investigated 
the properties of these series, and we should at last have arrived 
at all our preceding formulae of connection j but with much more 
difficulty." 

Again, Dr. Hobson (Plane Trigonometry, p. 279) : " It is possi- 
ble to give purely analytical definitions of the circular functions, 
and to deduce from these definitions their fundamental analyti- 
cal properties, so that the calculus of circular functions can be 
placed upon a basis independent of all geometrical considerations ; 
these definitions will include the circular functions of a complex 
quantity. We can define the cosine and sine of z by means of 
the equations 

coBz= |{e*'-f-e"*'}, 

sin»= — {e** — e~**|, 

z^ 
where e* denotes the series 1 -\-z-\-- — 1-> etc. In other words, we 

define cosz as the sum of the series 1 1 , and sin « as 

the sum of the series z 1 . We may regard this then 

as the generalized definition of the cosine and sine functions, 
and it includes the case of a complex argument, which was not 
included in the earlier geometric definitions." 



12 DEFINITIONS OP THE TRIGONOMETRIC FUNCTIONS. 

A definition which has only an algebraic basis is, in my 
opinion, of the species which logicians call nominal; while one 
which has a geometrical basis is of the species, called real. It 
may be doubted whether nominal definitions are of much scien- 
tific value. The primary geometric idea which is the basis of the 
primary trigonometric function can also be generalized, and in 
more ways than one ; how can the analyst secure a correspond- 
ence between his arbitrarily generalized definition and the more 
general ideas which develop from the primary geometrical idea ? 
In the present paper and in a paper on " The Principles of Ellip- 
tic and Hyperbolic Analysis " I show that there are several geo- 
metrically real generalizations of the circular functions, and that 
the algebraic series for the simple functions generalize in ways 
that would never be deduced by taking the elementary series as 
the general definitions. 

I now proceed to consider how the several species of trigono- 
metric functions — the triangular, the circular, and the ex-circu- 
lar, — may be defined in harmony with one another. The method 
adopted i^ afterwards shown to be applicable to the logarithmic 
spiral, ellipse and general hyperbola, and to a mixed curve com- 
posed partly of a circle, partly of an ex-circle ; further, in the 
paper on " The Principles of Elliptic and Hyperbolic Analysis/' it 
is applied to ellipsoidal and hyperboloidal trigonometry. 

THE TRIANGULAR FUNCTIONS. 

Let OA and OP represent (Fig. 6) any two finite straight 
lines, or vectors, meeting at the point 0. A triangle is formed 
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by joining A and P. From P draw PM at right angles to OAj 
and i*Q at right angles to 0P\ from A draw AT 2X right angles 
to 0-4, and AS at right angles to OP. 

First : we consider OM and 3fP the orthogonal projections of 
OP on OA, In a certain sense 

. OP=OM'{-MP'y 

to wit, in the ordinary sense of a vector equation. By prefixing 
OA to each term, we derive an area equation 

(OA) (OP) = (OA) (OM) + (0^) (MP). 

What is the meaning of this area equation ? It is that the par- 
allelogram (OA)(OP) is equivalent to the product (OA)(OM) 
' together with the rectangle formed b}' OA and MP. This, in my 
opinion, is the fundamental principle of vector analysis (Princi- 
ples of the Algebra of Physics, p. 72). 

Let the vector OA be denoted by the black letter A, and the 
vector OP by the black letter R ; let the rectangular co-ordinates 
of A be a,* 6, c, and those of R be a:, y, 2, so that 

A = ai 4- hj 4- ck and R =^ xi -{- yj -\- zk. 
Then the analytical product of the two vectors is 

AR = (ai + hj + ck) (xi -\- yj -\- zk) 

=ax -{- by + cz -{- (bz — cy)jk -f- (ex — az)ki -f (ay — bx)ij, 

and of the two partial products into which the complete product 

breaks up, the former, ax + by -\- cz, expresses (OA)(OM)y while 

the latter, 

(bz — cy)jk 4- (ex — az)ki 4- (ay — bx) ij, 

expresses (OA)(MP). 

It appears to me that the former partial product is correctly 
denoted by the expression cos AR, and the latter by the comple- 
mentary expression Sin AR. The latter function is written with 

^The letter a is in some places used to denote the magnitude of OA 
according to the usage of analysis ; the context shows clearly whether it is 
the whole magnitude or the magnitude of the t-component which is meant. 
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a capital because it has an aspect or axis ; it is not a simple area, 
but a directed area. The equation 

(OA){OP) = {OA)(OM)-{-(OA)(MP) 

is then written 

AR = cos AR-f-SinAR. 

The notation sin AR serves for the magnitude of the sine prod- 
uct apart from its aspect or axis; it is the equivalent of the 
unwieldy Cartesian expression 

V{bz — cy)' 4- {ex — azy -f- {ay — bxy. 

While (OA)(MP) will be used to denote Sin AR; the notation 
OA X MP will be used to denote sin AR. 

The function Sin AR cannot be expressed in rectangular co- 
ordinates without introducing symbols for the axes; hence it 
cannot be treated by the Cartesian analysis except indirectly. 

Corresponding to the line equation 

OP=OM-{-MP 

there is the scalar equation 

(OPy = {OMy -{- {MPy ; 

and corresponding to the area equation 

AR = cos AR + SinAR 

there is the scalar equation 

A2R2 = (cos ARy 4- (Sin AR)^ 

which, expanded in Cartesians, becomes 

{a^ + b^-\-c')(x^-{-f-^z') = {ax-{-by-{-czy-{-{bz-cyy 

4- (ex — azy -h (ay — bxy. 

If we take the vector which is the reciprocal of A, we get 

^R==^OM+-^MP 
A OA OA 

OA^ OA 
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When the order of the factors in a quotient is immaterial as in 
the cosine term, the quotient may be written in the ordinary way ; 
when the order of the factors is essential as in the Sine term, the 
order will be indicated by introducing the reciprocal before or 
after according to the manner in which it enters. Hence by 
introducing OA in both numerator and denominator, 

lR^ (0^)(Oit f) , {OAUMP^ 
A {OAy ^ (0^)2 

AR 



Hence ^^^'^^^OM^{OA){OM^^ ax^.hy^cz ^^^^_t^ 

A OA {OAf d'-^h^-^i^ A^ ' 

and SinlR= 1 VP=(^^H^^)- 

A OA i^OAy 

_ (hz — cy)jk -h (ex — az)ki + (ay — bx)ij 
~ * a^^b^ + c' 

^ SinAR 
A^ 

Here no relation is imposed connecting A and R ; their extremi- 
ties are not restricted to lying on a circle or any other curve. 
Thus the functions are triangular or trigonometric in the primary 
sense of the word. We are introduced to the consideration of 
trigonometric areas as well as trigonometric lines and trigono- 
metric ratios. 

Second: we consider the lines OT and TA obtained by draw- 
ing ATsit right angles to OA, As a line- vector equation we have 

OA=OT-{- TA, 

and from it we derive the area-vector equation 

(OA){OA) = (OA){OT) + {OA)(TA), 

or (OAy:=(OA) (OT) -(OA) (A T). 

The latter equation means that the square of OA is in a certain 
sense equal to the difference between the parallelogram formed 
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by OA and OT and the rectangle formed by OA and AT, In 
form it is merely a transformation of the area equation con- 
sidered above (p. 13). 

Let (OA)(OT) be denoted by SecAR and (OA)(AT) by 
Tan AR, then the above equation is written 

A^ = SecAR- Tan AR. 

Both functions are written with a capital, because each involves 
an aspect or axis. 

After dividing by A^ we obtain 

^^ SecAR TanAR 
A^ A^' 

= SecvR-TaniR. 
A A 

Corresponding to the line equation we have the scalar equation 

(OAY^^iOTy-iATy, 

and corresponding to the area equation we have the scalar 

equations 

A^ =? (Sec AR)2- (TanAR)-, 

and 1 =Csec ^ R Y-^Ian 1 R Y. 

To find the expressions for these trigonometrical functions in 
terms of rectangular co-ordinates, we proceed as follows. Since 

OT=—OF 
OM 

and AT=^^MP', 

OM 

therefore 

{OAy=^^{OA){OP)-^{OA)(,MP) 

— (O^il! — (OA)iOP) i^^ — (OA)(MP)., 

that is, A' = — ^AR ^SinAR. 

cos AR <!08 AR 
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Hence SecAR = — ^AR 

cos AR 

= J^!±|^±^(ai 4-6/ + ck) (xi + yj + zk). 
ax -\- by -{- cz 

and Tan AR = — ^ Sin AR 

cos AR 

Hence Sec -^ R = ^^ = («^ + ^^J + cA;) {xi + yJ + cA:)^ 
A cosAR ax-{-by-\-cz 

and Tan i R = ^^^^^^ = (bz-cy^k-^ (ex - a2;)A;t4-(ay-6j:)i;/ 

A cos AR ax + 5y 4- cz 

The function secAR is obtained from Sec AR by substituting 
the appropriate square roots of (ai -f bj -f- cky and (xi 4- y; -f- zky. 
Similarly, the function tan AR is obtained from Tan AR by sub- 
stituting the appropriate square root of (Sin AR)^. By sec AR is 
meant the magnitude of Sec AR, and by tan.AR the magnitude of 
TanAR. 

Thii'd : we consider the lines OQ and QP obtained by drawing 
PQ at right angles to OP. We have the line-vector equation 

OP==OQ-{-QP 

with the corresponding scalar equation 

{Opy = (OQy-(Qpy. 

From the former we derive the area- vector equation 

(OA)(OP) = {OA)(OQ)-\-(OA)(QP), 

which means that the parallelogram OA, OP is in a certain sense 
equivalent to the product of the two codirectional lines OA and 
OQ together with the parallelogram OA, QP. The two parallelo- 
grams are on the same base and between the same parallels, but 
the angle of the latter exceeds the angle of the former by a quad- 
rant. For the sake of clearness it is absolutely necessary to 
devise a distinctive notation for the products in question. As 
the line PQ is drawn from OP in the same manner as AT from 
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OA, the line OQ partakes of the nature of the Sec line OT, and 
the line QP partakes of the nature of the Tan line AT. By 
changing the initial consonants from light to heavy, we obtain a 
notation which is suggestive and easily remembered, and will 
serve at least for the purpose of this investigation. 

Let, then, {OA){GQ) be denoted by zecAR, and (OA)(QP) 
by Dan AR ; the above equation is then written 

AR = zecAR4-I>anAR. 

. AR_ zecAR , Dan AR 

^' "A^- A^ "^"~A^^ 

therefore t f^ = ^^^ t f^ + ^^^ t ^' 

AAA 

The corresponding scalar equations are 

A2R2 = (zee A R)- - (Dan A R)2, 

and g = (^zeciRj-(DanlRj. 

To find the expressions for these functions in terms of rec- 
tangular co-ordinates, we proceed as follows : 

Since OQ = i^^, and QP=^ ^/^^OP, where V^^ OP 

denotes that the line OP is turned through a positive quadrant in 
the given plane ; we deduce that 

iOAHOP) = iOAhOP)l^MP^OAKV-l OP) 

^ {OAyjOpy {OA){MP) .Q^wy^ OP) 



therefore 



AD A^R^ , smAR* / — ? d 
cos A R cos A R 



Hence zee AR = («'+&' + O (x' + y^ + .') 

ax-^-by -{-cz 
and DanAR = 
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Similarly zee 4 R = -^±L?1±_?!_, 

A aX'{-by-{-cz 

while Dan yR is obtained by dividing DanAR by a^ + b^ + c^, 
A 

and danAR = 



V( te - cyy-{- { ex - ag )-4- (a.v - bxy^/a' + b^ +"^Va:^ + f -h-z" 

ax + by-^- cz 

Thus zecAR is the reciprocal of cosAR, not with respect to 

unity, but with respect to A*R^; while zee— R is the reciprocal of 

1 R^ 

cos—R with respect to — -• 

A A* 

Fourth : we consider the lines OS and SA obtained by drawing 
AS perpendicular to OP. 

We have the line-vector equation 

OA=OS-{-SA, 

and from it we derive the area-vector equation 

(OAy := (OA) (OS) -h {OA) (SA) 

= (OA)(OS)^(OA)(AS). 

This equation means that the square of OA is equal to the 
difference between the parallelograms OAy OS and OA, AS. As 
the lines OS and AS have a certain analogy to the lines OM and 
MP, let the products be denominated by Gos and Zin, the initial 
consonants of the functions being changed from light to heavy. 
The above equation is then written 

^« = GosAR-ZinAR. 

Since OS = ^OP=i^^^OP=^-^OP, 

OQ OP* R» 

and ^=|^QP=(O^^V3IOP=!i^ V=T OP, 

the above equation becomes 

cosARAr» sin AR 



R- R* 
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Hence GosAR=?^i^f±-f (at -h bj -h ck){xi 4- yj 4- zJc), 

and gos AR = (ax -^by-{-cz) V«' + ^' + o" . 

Va?^ 4- ^" -f »^ 

The versed-sine product is obtained by considering AP the 
third side of the triangle. Because 

AP==AO-\-OP, 

therefore ( OA) (AP) = {OA)(AO) + ( OA) ( OP) 

= -(0^)2 4- (0^) (OP). 

Hence cos(O^) (AP) = - {OA)^ 4- cos(O^) (OP), 

and . Sin ( 0^) (-4P) = Sin (0^)( OP). 

It is the new product cos(0^)(-4P) which is properly called 

vers A R ; so that 

vers AR = — A^ 4- cos AR 

= CO A) (AM). 

Similarly vers i R = - 1 4- ^^2^ 

A A^ 

^AM 

OA 

According to this definition the versine is negative when the 
point M falls to the left of A ; for OA and AM then have oppo- 
site directions. In circular trigonometry it is commonly stated 
that the versine is always positive; it is more correct to say 
that in the case of the circular functions the versine is always 
negative. 

Finally, we have to consider the definitions of the comple- 
mentary functions. By the complementary-vector of A with 
respect to R is meant the vector OJB(Fig. 6), which is equal 
and perpendicular to A in the plane of A and R, and drawn to 
the side of A on which R is (Principles of the Algebra of Physics, 
p. 87). Let it be denoted by A, the horizontal bar denoting 
" perpendicular to." When all the lines lie in a common plane, 
this notation is definite. Grassmann uses a vertical bar prefixed 
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to the vector it refers to, as I A. The horizontal bar is preferable, 

because in space it must be attached to a pair of vectors, and 

the horizontal form allows this to be done conveniently. The 

complementary vector is expressed in terms of A and R by the 

equation 

•^^ Sin(Sin AR)A 

sin AR 
where Sin (Sin A R) A = | {ex — az) c — (ay — bx) b ] i 

4- { (62 — c]i)b — (ex — az)alk. 

By the complementary function is meant the function which is 
obtained when A is substituted for A in the original function. 
Draw P^y perpendicular to OB, and PU to OP] BF perpendicular 
to OBf and BW to OP. The prefix co- may be used to denote the 
comple^ientary function. The geometrical definitions then are 

co-cos A R = ( OB) ( 0^) , co-Sin A R = ( OB) (NP) , 

co-Sec AR = (OB) (OV), co-Tan AR = {OB) (BV), 

co-zec AR = (OB) (0C7), co-Dan AR = (OB) (t/P), 

co-Gos A R = ( OB) ( TF) , co-Zin A R = ( OB) (B TF) . 

It may be shown that co-cos AR = sin AR. Also co-Sin AR may 

be denoted by Cos AR ; it is equal to - ^^iA^Sin AR. 

sin AR 

The several trigonometric areas are exhibited synoptically in 
the following table. It is evident that Hamilton's S and V are 
entirely inadequate to express the various scalar and vector func- 
tions of the product of two vectors. 
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TRIGONOMETRIC AREAS. 



Function. 



AR 
cos AR 
SinAR 
sin AR 

SecAR 

sec AR 

Tan AR 

tan AR 

zee AR 

Dan AR 
dan AR 

GosAR 
gos AR 
ZinAR 

zin AR 

vers AR 
co-cos AR 



Geometric 
Definition. 



(OA)(OP) 
(OA){OM) 
(OA){MP) 
OAxMP 

(OA){OT) 

OAx OT 

{OA){AT) 

OAx AT 

{OA){OQ) 

(OA){QP) 
OAx QP 

{OA){OS) 
OAx OS 
(OA)(AS) 

OAx AS 

(OA)(AM) 
(OB) (ON) 



Analytical Definition. 



{ai -f bj -h ck) (xi + yj -f- zk) 

ax-\-hy -{- cz 

(bz — cy)jk -f {ex — az)ki -h {ay — bx) ij 



■y/{bz — cyY -f- {ex — azY -f- {ay 
A2 



— bx) 



cos AR 



AR 



cos AR 



cos AR 
SinAR 



VA^R^ 



cos AR 



sin AR 



2D2 



cos AR 

sin AR 
cos AR 



AV-IR 



cos AR 



sin AR 
cos AR 

AR 

cos AR 



VA^R-^ 



R 



^VA2R2 



sin AR 
R2 



AV-IR 

si^RVA^R^ 
R2 



- A^ + cos AR 
sin AR 
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TRIGONOMETRIC AREAS (Continued). 



Function. 



Geometric 
Definition. 



co-Sin AR 



co-sin AR 



co-Sec AR 



co-sec AR 



(OB)(.VP) 



OB X NP 



{()B){OV) 



OBx OV 



co-Tan A R (OB){BV) 



co-tan AR 



co-zee AR 



co-Dan AR 



OBxBV 



(OB){OU) 



(OB) (UP) 



co^ianAR \0B x UP 



co-GosAR I (OB)(OW) 



co-gosAR \ OBx OW 



co-Zin AR 



(OB){BW) 



co-zinAR i OB x BW 



co-versAR ! (OB)(BN) 



Analytical Definition. 



9?.lARsinAR = CosAR 
sm AR 



cos AR 



'^ AR 



sin AR 



sin AR 



VA^R^ 



sin AR 



CosAR 



2 cos AR 
sin AR 



2D2 



A^R 



sin AR 



55i_AR AV~1 R 
sm AR 



cos AR 
sin AR 



VA«R^ 



sinAR^p 



sin AR 
R* 



VA^' 



cos ARt 



'p AV-^ R 



£2LARvaW 
R- 



-A=+sinAR 
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THE CIRCULAR FUNCTIONS. 

In the case of the circular functions the variable vector R is 
always of the same length as the initial vector A ; in other words, 
OP is limited by the condition that its extremity must lie on a 
circle of radius OA (Fig. 7). There is a definite area enclosed 




Fig. 7. 



between OA, OP and the arc AP-^ and the triangular functions can 
be expressed as functions of this area. Let A denote the area of 
the sector AOP, s the length of the arc AP, and a the magnitude 



of OA; then 



2A 



8 



— Let this quantity be denoted by w; it is 



the circular measure of the angle AOP, and is more properly 
regarded as the ratio of twice the area of the sector AOP to the 
square on OA than as the ratio of the arc AP to the line OA. 

The following table shows that the circular ratio is deduced 
from the corresponding trigonometric area by dividing by A^, and 
introducing the special relation that 

(cosAR)2-f-(SinAR)2=AS 



or 



R2 = A2. 



\ 
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In addition to the triangular lines there are the curve lines or 
circular lines proper ; namely, the tangent, the secant, the nor- 
mal, etc. By the tangent is meant the line DP drawn from a 
point in OA so as to touch the curve at P, and by the secant is 
meant the line OD cut off. By the normal is meant the line OP 
which starts from the line OA, and is at right angles to the 
tangent at P, while 00 is the complementary line. Let these 
functions be denoted by Tnt, Set, Nor, respectively. 

Since DP^ DM+ MP, 

(OA) {DP) = ( OA) {DM) + (O^) {MP) 
= (0^)(Z)J*f) + SinAR. 

But, generally, DM = sin ^^^ OA, 

cZ(sin) 

which, for the special case of the circle, becomes 

DM^^^^OA, 

COS?* 

therefore ( OA) {DP) = - ^^^^^p^' + Sin A R. 

cos Mix 

Again, ( OA) {OD)^{OA){OM)^-{ OA) {MD) 

= cosAR + (0^)(3/i>), 

which, for the case of the circle, becomes 

(0^)(OZ)) = cosAR + i|jARl! 

A2R2 



cos AR 
A* 



cos AR 
For the normal we have the general relation 

OP=GM-\-MP, 
therefore {OA){OP) = {OA){GM) + {OA) {MP) 

= (0^)(G^3f)+ Sin AR 

= _ sin ^i5i!li ( 0^)2 + Sin A R. 
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Hence for the special case of the circle 

(OA) ((?P)= cos AR + Sin AR 

= AR; 
hence GP is identical with OP. 
Finally, 0G= 0M-\- MO, 

{OA)(OG) = (OA){OM)'h{OA)(MG) 

= cos AR + sin^i^ (OAY, 

d(cos) 

therefore for the special case of the circle 

(0^1) (OG) = cos AR - cos AR 
= 0. 

The ratios are defined by taking the ratio of the corresponding 

area to A^; thus 

. OD fK^ 

'^'"=02 = ^^^ = ^^^"' 

Tnt u = -^DP = - (^HLAR)! ^ Sin A R ^ ^^^ 
OA A^cosAR^ A^ 

J" 

. . DP sinAR . . 

tnt u = — — = — = tan u = dan w, 

OA cos AR 

noru = ^=l, 
OA ' 

anon u = — — = 0. 
OA 

Answering to each curve-ratio there is a complementary curve- 
ratio. In Fig. 7 EP is the co-tangent line, and HP represents 
the co-normal line. For the circle, E coincides with CT". Then 

OE 1 EP 

co-sctw = — — , co-TntK = EP, co-tntM = , 

OB' OB ' OB 

1 ffP 

co-Kor u = --— HP, co-nor u= — • 

OB ' OB 
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CIRCULAR RATIOS. 



Function. 



cosu 

Sinu 

sinu 

Sec?* 

secu 

Tanu 

tauu 

zecu 

Dauu 

danu 

Gosu 

gosu 

Zinu 

zinu 

verstt 

set u 



Geometric Definition. 



OA 



OP 



OM 
OA 



OA 



OA 



OA 
MP 
OA 

OT 

OT 
OA 

AT 

AT 
OA 



MP 



OQ 
OA 



OA 



QP 



QP 

OA 

OS 

OA 

AS 



OA 



AS 
OA 



AM 
OA 



OP 
OA 



Analytical Definition. 



AR 
A«" 



cos AR 
A" 



SinAR 



sin AR 



AR 



cos AR 

A' 
cos AR 



SinAR 
cos AR 



siu AR 
cos AR 



A^ 
cos AR 



isJiiARav^ir 

A^cosAR 



sin AR 
cos AR 



cos AR 



AR 



cos AR 



sin AR . , — - ^ 
— A4— AV-1 R 



sin AR 



-1 + 



cos AR 
A'^ 
A^ 
cos AR 
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CIRCULAR RATIOS (Continued). 



Function. I Geomktric Definition. 



Tnt u 
tiit?i 

'NOYU 

norw 
co-cos u 
co-Sin u 
co-sill u 
co-Sec u 
co-sec u 
co-Tan u 
co-tan u 
co-zec u 
co-Dan u 
co-dan u 
co-Gos u 
co-gos u 
co-Zin u 



OA 
DP 
OA 



1 

OA 


GP 




OP 




OA 


ON 




OB 




1 
OB 


NP 




NP 




OB 


1 
OB 


OV 




OV 



OB 



OB 
BV 

BV 





OB 




OU 




OB 


1 

OB 


UP 




UP 




OB 


1 
OB 


OW 




OW 




OB 


1 


BW 



OB 



Analytical Definition. 



( SinAR )^ Sin AR 
A^cos AR "^ A=^ 



sin AR 
cos AR 



AR 
A2 



sin AR 
A2 



CosAR 

A^ 
cos AR 

A- 



AR 



sin AR 



sin AR 



CosAR 
sin AR 



cos AR 
sill AR 



sin AR 



cos 



AR AV-IR 



sin AR 



cos AR 
sin AR 



sin AR AR 



sin AR 



cos 



ARlV-lR 
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CIRCULAR RATIOS (Continued). 



Fdmct'ion. 


Geometric Definition. 


Analytical Definition. 


co-zin u 
co-set w 
co-Tnt u 
co-tnt w 
co-Nor u 

• 

co-nor u 


BW 
OB 

OE 

OB 

OB 
EP 
OB 

}^HP 
OB 

HP 

OB 


cos AR 
A* 

A2 

sin AR 

(CosAR)- CosAR 

A^sinAR ' A* 

cos AR 

sin AR 

A" 

* 

1 



As a test of the accuracy of these definitions, let us consider 
how they apply to the proof of the 
addition theorem for two circular sec- 
tors having a common plane. Let AOP 
and POQ be the successive coplanar 
sectors (Fig. 8) ; P3f and Q^are drawn 
perpendicular to OA, QN'i^ drawn per- 
pendicular to OPy and from the point 
N so determined NL is drawn perpen- 
dicular to OA, and NR perpendicular 
to QK. By definition, 




cosw = 



QM 
OA' 



sin w = 



MP 
OA' 



COSi? = 



ON 
OP' 



NQ 
sin V = -—5, 

OP 



and COS (u + 1?) = -— -, 






sm 
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OK 



Now cos(mH- y) = 



OA 



^OL.LK 
OA OA' 

and 0L= ^^ OM on account of the similarity of the triangles 

LOiVand JlfOP, 

and LK^NR^^QN, 

on account of the similarity of the triangles MOP and RQN, and 
the negative nature of NR with respect to OA ; 

^ OM ON MP NQ 
OA OP OA OP 

= cos u COS V — sin u sin v. 
In a similar manner 

sin(w + v)= -^ 

^ONMP NQ OM 
OA OP OP OA 

^MPON OM NQ 
OA OP OA OP 

= sin u COS V H- cos u sin v. 



THE BXOIROULAR FUNCTIONS. 

In this case the bounding line AP (Fig. 9) is part of a rectan- 
gular hyperbola or excircle, having OA for principal axis. Let 
8 denote the length of the arc AP, a the length of OA, and A 
the area of A OP; the analogue of the circular u is no longer 
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-, but it still is — — • All the triangular ideas and all the curve 
a a* 

ideas which apply to the circle apply also to the excircle, and 
they are expressed by analogous functions of u. These functions 
are appropriately denominated by the same names, while for dis- 




FiG. 9. 



tinction the qualification " hyperbolic " is introduced. The abbre- 
viations for the functions are distinguished by an appended h. 

The analytical definition is obtained by dividing the corre- 
sponding area function by A^ and adding the condition that 

(cosAR)2-(SinAR)2=A*. 
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In the case of the excircle 

a(siiih) 

^(sinhw)!^^ 
coshu 

^ (Sin AR)^ 
a cos AR 

Consequently, (OA) {DP) = ^^^^ ^^^' + Sin AR, 

cos M f\ 

and (0^)(0Z>) = cos AR-i^HLA^! 

cos AR 



cos AR 
Again, for the excircle 

GM=-smh^-i^OA 

a(cosh) 

= — cosh u OA 

cos AR 
a 

consequently, ( OA) ( OP) = — cos A R + Sin A R. 

Hence GP is the reflection of OP with respect to MP, 

and (OA) (OG) = 2 cos AR. 

When the radius-vector is subject to the hyperbolic condition, 
the several lines drawn according to their definitions are all 
different from one another ; from which we see the necessity for 
these exact definitions. 
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EXCIRCULAB RATIOS. 



Function. 



lU 



a 

cosh u 
Sinhu 
sinhu 
Sechu 
sechw 
Taxihu 
tanhu 
zech u 
Danhu 
danhu 
Goshu 
goshu 
Zinhu 
zinhu 
versh ii 
scthu 



Geometric Definition. 



1 

OA 


OP 


OM 


r 


OA 




1 
OA 


MP 




MP 




OA 


1 
OA 


OT 




OT 




OA 


1 
OA 


AT 




AT 




OA 


OQ 




OA 




1 
OA 


QP 




QP 




OA 


1 
OA 


OS 




OS 




OA 


1 
OA 


AS 




AS 




OA 




AM 




OA 




OD 



Analytical Definition. 



AR 


A» 


cos AR 


A» 


SinAR 


A» 


sin AR 


A» 


AR 


cos AR 


VA'R* 


cos AR 


SinAR 


cos AR 


sin AR 


cos AR 


R» 


cos AR 


sinAR AV-IR 


cos AR A^ 


sin AR VA'R* 


cos AR A" 


cos AR Ao 
A'R» 


cos AR 


VA^R"» 


SinAR A-/ -1 R 
A'R' '^^ ^^ 


sin AR 


VA«R» 


^ cos AR 
■*■ A' 


A» 



OA 



cos AR 
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BXCIRCULAR RATIOS (Continued). 



Function. 



Tnth u 
tnthti 
Norhu 
norhu 
co-cosh u 
co-Sinh u 
co-sinh u 
co-Sech u 
co-sech u 
co-Tanh u 
co-tanh u 
co-zech u 
co-Danhu 
co-danh u 
co-Goshw 
co-gosh u 
co-Zinh u 



Geometric Definition. 



OA 



OA 



DP 

DP 
OA 

OP 



OP 





OA 




ON 




OB 


1 

OB 


NP 

■ 




NP 




OB 


1 
OB 


OV 




ov 




OB 


1 
OB 


,BV 




BV 




OB 




OU 




OB 


1 
OB 


,UP 




UP 




OB 


1 
OB 


OW 

> 




OW 




OB 


1 


BW 



OB 



Analytical Definition. 



(Sin AR)^ Sin AR 

A2nno AR "• A2 



A* COS AR 



sin AR VAW 
cosAR A^ 
cos AR Sin AR 
A^ ^ A« 



A^ 



sin AR 



CosAR 



cos AR 



AR 



sin AR 



VA^R^ 



sin AR 



CosAR 
sin AR 



cos AR 
sin AR 



sin AR 



cos 



AR aV-IR 



sin AR 



A2 



cosAR VA^R^ 
sin AR A2 

sinAR^p 



A2R2 



sin AR 

Va^' 



cos AR-r 



2D2 



A^R 



AV-IR 
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BXCIRCULAR RATIOS (Continued). 



Function. 



co-ziiih u 




Analytical Definition. 



COS AR 



-1 + 



sin AR 



sin AR 
(Cos AR) ^ Cos AR 
A^sinAR A^ 



cosAR VA^R' 
sin AR A2 
sin AR . Cos AR 

A2 "•" A2 



VA*R'^ 



Consider now the proof of the addition theorem for two suc- 
cessive excircular sectors, of which the former starts from the 
principal axis. Let -4 OP and POQ be two such sectors (Fig. 10); 




O 



AMJ.K 
Fig. 10. 



the lines FM and QK are drawn perpendicular to OA as before, 
but QN must now be drawn parallel to the tangent at P; NE is 
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drawn perpendicular to QK as before. Let u denote the ratio to 
a^ of twice the area of AOP, and v that of FOQ. By definition, 

, OM . . , MP 
cosh u = and sinh u = • 

OA OA 

ON 
By cosh-u is meant the ratio — , when the sector v is moved 

back so as to start from OA, the area being retained constant ; 

and by sinh v is meant the ratio -— ^ under the same conditions. 
^ OF 

Now it may be shown that whatever the position of P, these 
ratios are constant, provided the area of the sector is constant in 
magnitude ; hence, 

cosh'y = ^, sinhv = =^. 
OP' OP 

By the property of the tangent to the curve, the triangles MOP 
and BQN are similar as before, but now NE is positive with 
respect to OA, With that modification, the same proof applies 
as before, giving 

OK^OM ONMPNQ, 
OA OA OP OA OP' 

that is, cosh (w + v) = cosh u cosh v + sinh u sinh v, 

and KQ^MP ON OM NQ . 

OA OA OP A OP' 

that is, sinh {u-\-v)=^ sinh u cosh v + cosh u sinh v. 



THE LOGARITHMIC FUNCTIONS. 

The circle is a special case of the logarithmic spiral, and conse- 
quently each circular ratio is a special case of what may be 
called the logarithmic ratio. To understand this generalization it 
is necessary to observe {Fundamental Tlieorems of Analysis gen- 
eralized for Space, p. 16), that in the case of the circle, u is not 
a simple scalar, but the index of an exponential expression a", in 
which a denotes the axis of the plane of the circle. In plane 
analysis, the a is apt to drop out of sight \ but in space analysis 
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it must be introduced explicitly, in order to distinguish one plane 

from another. The exponential expression a" is equal to e**«*, 

and the generalization is obtained by making the angle ^ any 
angle to. Then 



£ua*> = £U cos w+u sin w . a 



f 



Now usinti; expresses the ratio to the square of OA of twice 
the area of the circular sector AOP', corresponding to the logar 
rithmic sector AOP (Fig. 11) ; while e«*co8w denotes the manner 
in which the radius is lengthened. 




Fig. 11. 



The lines PM, PQ, AT, AS, PD, PG, which refer to the axis 
of OA, are drawn as before ; so also the complementary lines 
which refer to the axis of OB. The geometric definitions of 
the ratios are the same as before ; the analytical definitions are 
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obtained by taking the ratios of the trigonometric areas to A', 
and introducing the special condition, 

(cos AR)* + (Sin AR)*= A*e2uco8«;. 

or, R2=: A^e-'*^'^*'^. 

rni OM COS AR 

Thus, cos u,w = —— = — -, — » 

OA A* 

a- 1 nm Sin AR 

MP sin AR 

etc., etc., etc. 

The series for cos u, tv is 

1 + u COS to H- ^cos 2w H- -cos 3«(; + etc., 
and that for sint/, w is 

tt sin w + — - sin 2 w; + — - sin 3 w + etc. 

The values of the secant and tangent areas are deduced as 
before, by finding the value of DM, Now 

DM=i (sm w, io) -^. — - — f OA, 

d{sinu,w) 

the differentiation being with respect to u ; but the ratio of the 
differentials does not simplify as it does in the special case of 
the circle. 

Similarly, GM= - (sint^, w) ^(s^^^^'^) QA. 

d{Gosu,w) 

From the areas the ratios are deduced by dividing by A^ 

When the logarithmic ratios are defined in the manner de- 
scribed, the addition theorem remains true. Let u, w denote the 
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initial ratio -T— OP (Fig. 12), and v,vi the subsequent ratio 
J OA 

— -0(2- As in the case of the circle, draw QN perpendicular to 




OP; PM, QK, NL perpendicular to OA; aud NB perpendicular 
to QK. By detinition, 

a„a »>.„. = ?-, ...,„ = m 

Now, just as in the special case of the circle, the triangles 
LON and MOP are similar, and the triangles NQB and POM 
aie similar. Hence, as before, 



-OQ 



_0E _0M ON MPNQ 
' OA OA OP OA OP' 



1 oQ^^ ^MPON OMNQ 
OA OA OA OP OA OP 



1 



But the versor of -^^ OQ is a'^'^^'a""-'", that is, a' 
ts ratio Is 
Therefore, 



its ratio Is a-t -^rp, that is, e"^"'™"". Hence ^7 OQ = u + «, w. 



cos »i + «, w = cos M, w cos w, M) — sin It, 
and sinM + ?), ic = sin«, jocosii, w + cosw 
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THE ELLIPTIC RATIOS. 

Let the bounding line be an ellipse of which OA is the semi- 
major axis. The ellipse may be regarded as the orthogonal 
projection of a circle of radius OA upon a plane which passes 
through OA and makes an angle \ with the plane of the circle. 
Let cos \ be denoted by k. All lines in the circle parallel to OA 
remain unaltered in the projection, while all lines perpendicular 
to OA are diminished by the ratio cos X. Let A denote the area 

of a sector AOP of the ellipse, and as before let u = — — • 

or 

The trigonometric and the curve lines (Fig. 13) are drawn 
according to the same definitions as before ; the geometric defi- 




Fig. 13. 



nitions of the ratios are the same as before. The analytical 
definitions of the ratios are obtained by taking the ratio of the 
corresponding area to A*, and introducing the special condition 
that 

At 
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OM COS AR 



Thus cos Uyk = 



OA 



,2 ' 



sinu,A:= ^= ?ilLAR, 

etc., etc., etc. 

The series for the elliptic cosine is obtained by the principle 
that cos tt, A: = cos -, and the series for the elliptic sine by the 

principle that sinw, /(; = A:sin— 

It is found, by application of the principle stated at p. 25, that 

sin*- 

DM=^ ^OA, 

u 
cos - 

k 

and G3f = A;2cos-OA 

A; 

Hence iOAKOD) = -^, 

(0^)(I>P) = -ii^ARLV Sin AR, 

{OA) {GP) = Ar^ cos AR + Sin AR, 

{OA) (OG) = (1 - A:') cos AR, 

and from these the secant, tangent, normal, and the anonymous 
ratio are derived by dividing by A^ 

A question arises whether the complementary ratios should be 
defined with respect to OB, Fig. 13, which is equal to OA, or 
with respect to 0B\ the semi-minor axis. I consider that they 
ought to be defined with respect to OB ; the corresponding func- 
tions for OB' can be deduced from them by dividing by A;. 
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In order to obtain the complementary curve ratios it is neces- 
sary to find NE and HN, 

Now . NE = ^cos^^OB 

a cos 



dfk sin- ] 
u J^ kj 

d^cosg 



-cos^A T^OB 



k cos^ ?^ 

^OB 

• u 
sm- 

k 



therefore ( OB) (NE) = ^(52lAR)! 

sin AR 

therefore ( OB) ( OJS;) = sin A R + ^ ^^^^^P 



Tc'k' 



sin AR,' 



and (OjB) (JS;P) = - ^ ^^^^^J^)' + Cos AR. 

sinAR 



Again, HN=^ - cos ^ 05 

dsin 



= isin^05 
A; k 



therefore ( OB) (HN) = ^HLJR 

At 

therefore ( OB) {HP) = ^^^-^ + Cos A R, 

At 

and (OB) {OH) = - sin kR^^^- 
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ELLIPTIC RATIOS. 



Function. 



COS u, k 
Sin Uf k 
sinti, A; 
Sec w, k 
secw, k 
Tan u, k 
tan u, k 
zecw, k 
Dan M, A; 
dan Uj k 
Gros w, A; 
gos t£, A; 
Zin ?i, k 
ziuuy k 

vers tt, k 
scti^, A; 



Geometric Definition. 



OA 



OA 



OP 

OM 
OA 

MP 



MP 





0^ 


1 

OA 


or 




OT 




OA 


1 
OA 


AT 




^T 




OA 




OQ 




OA 


1 


QP 




QP 




OA 


1 
0^ 


OS 




OS 




OA 


1 
0^ 


AS 




AS 




OA 




AM 




OA 




OD 



OA 



Analttical Definition. 



AR 



A^ 


cos AR 


A" 


SinAR 


A» 


sin AR 


A' 


AR 


cos AR 


VA'R' 


cos AR 


SinAR 


cos AR 


sin AR 


cos AR 


R' 


cos AR 


sin AR AV-~1 R 


cosAR A" 


sin AR VA^'R' 


cos AR A' 


cosAR AR 


R* A" 


cos AR 


VA^R^* 


SinAR AV-IR 


R» A** 


sin AR 


VA^'R" 


^ cos AR 

''" A» 


A* 



COS AR 
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ELLIPTIC RATIOS (Oontinued). 



Function. 



Tnt w, k 
tntte, k 
Norw, k 
norti, A; 
co-cos Uy k 
co-Sin w, k 
co-sin Uy k 
co-Sec M, k 
co-sec w, A; 
co-Tan u, k 
co-tan t£, k 
co-zec M, k 
co-Dan u, k 
c(Mlan Uy k 
co-Gostt, k 
co-gos w, k 
co-Zinw, k 



Geometric Definition. 



1 

OA 


DP 




DP 




OA 


1 
OA 


GP 




OP 




OA 


ON 


r 


OB 




1 
OB 


NP 




NP 




OB 


1 
OB 


OV 




OV 




OB 


1 
OB 


BV 




BV 




OB 




OU 




OB 


1 
OB 


UP 




UP 




OB 


1 
OB 


OW 




OW 




OB 


1 


BW 



OB 



Analytical Definition. 



(sin AR)^ Sin AR 



Ar^A^cosAR 



A^ 



sinAR Vsin^AR-f fc^cos^AR 
cosAR lek^ 

A:2cosAR-f SinAR 



VAr^cos^AR-hSin^AR 
A^ 
sin AR 



CosAR 



cos AR 



AR 



sin AR 



sin AR 



CosAR 
sin AR 



cos AR 
sin AR 



R« 



sin AR 

c osAR AV^TR 

sin AR A« 

cosAR VA'R^ 

smAR A« 

sin AR AR 

R2 A^ 
sin AR 



VA'R^ 



cos AR AV-1 R 
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ELLIPTIC RATIOS (Oontinued). 



Function. 



co-zin w, A: 
co-set w, k 
co-Tnt w, k 
co-tnttt, k 
co-Norw, k 
co-norte, k 
anonu, A; 



Geometric Definition. 



OB 



OB 



BW 
OB 
OE 
OB 

EP 

EP^ 
OB 

HP 

HP 
OB 



Analytical Definition. 



cos AR 



VR'A*-^ 



T^k' 



OH 
OB 



sin AR 
Ar^(cosAR)^ CosAR 
A^sinAR A* 

cos A R ^^ ^^g2 /^ R ^ sin2 A R 
A^smAR 

sin AR ■ Cos AR 

T c'k^ "^ A^ 
Vfe^cos^AR + sin^AR 

__sinA^ 1-A:^ 
A* k^ 



When the elliptic ratios are so defined it is not difficult to obtain 
the generalized addition theorem. Let -4 OP and POQ (Fig. 14) 
be two successive elliptic sectors of 
which the former starts from the prin- 
cipal axis. Draw QN parallel to the 
tangent at P; and PM, QK, NL per- 
pendicular to QA, and NR perpendic- 
ular to QK, Let u denote the ratio 
of twice the area of the sector AOP 
to the square on OA, and v that of 
twice the area of the sector POQ to 
the square on 0A\ it follows that 
w-fv is the ratio of twice the area of the sector AOQ to the 
square on OA, By definition 








K X. M 
Fia. 14. 



and 



cosw, k = 



cos u-\-v, k=. 



OM 
OA 

OK 
OA 



sin w, A; = 



MP 
OA' 



sinM + v, A; = 



KQ 



OA 
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^^1 r V ON 

Now cos V, k = cos = — — , 

k OP 

because the lines 0-^and OPhavB the same directioij and there- 
fore the same ratio as the corresponding lines in the circle. But 
as NQ and OP have different directions, and are in general lines 
which do not coincide with the principal axes, the relation of 

their ratio to sin^ is more complex. It will be found by exam- 
ination of the projection that 



m 

OP 



cos---f Arsm^- 

k k ' V 

= sin-« 



>u . 7.0 oM k 



^sin^^-f Ar^cos^l* 
\ k k 

For the sake of brevity let the radical be denoted by g. The 
triangle NQR is no longer similar to the triangle POM; instead 
of the relation 

NR^ MP 
NQ OP 

we have the relation 

NR^ MP q 
NQ OP k 

XT , 1. OK 

Now cos u -^ Vf k = -— 

OL 

^OL LK 
OA^ OA 

^ OM ON MP NQ q 
OP OA OP OA k 

^OM ON MP NQ q 
OA OP OA OP k 

, 7 sin u, k sin v, k 
= cos Uf k cos V, k : — ^ — 1 — . 
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Again, sin u-^-v, k = - -^ 

^ LN RQ 
OA OA 



ON MP OM NQ. 
OA OP OA OP ^ 



MP ON OM NQ. 
OA OP OA OP ^ 



= sin Uj k cos v, k-\- cos u, k sin v, k. 

By sin v, k is meant the ratio of NQ to OP when the sector is 
shifted back without change of area so as to start from the prin- 
cipal axis. 

THE HYPERBOLIC RATIOS. 

Let the bounding line be an hyperbola of which OA is the 
semi-major axis. The hyperbola may be regarded as the orthog- 
onal projection of an excircle of radius OA upon a plane which 
passes through OA and makes an angle X with the plane of the 
circle. As before, let cos \ be denoted by k. Let A denote the 

2 A 

area of a sector of the hyperbola, and let u = 

The triangular and the curve lines are drawn according to the 
same definitions as before ; the geometric definitions of the sev- 
eral functions of u and k are the same as before. The analytical 
definitions of the ratios are obtained by taking the rati© of the 
corresponding area to A^ and introducing the special condition 
that 

(cosAR)^-(^i5^=A^ 

At 

Thus coshu,k = ^=.^-^, 

' OA A2 ' 

etc., etc., etc. 
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THE COMPLEX RATIOS. 

Our method of definition applies also to the complex ratios. 
Let AOQ (Fig. 15) be a complex sector made up of a circular 




O 



K WZA 
Fig. 15. 






I 



sector AOP and an excircular sector POQ. Draw QN per- 
pendicular to OP, and PM, QK, NL perpendicular to OA, also 
NR perpendicular to QK, Let u denote the ratio of twice the 
area of ^OPto the square on OA, and v that of twice the area 
of POQ to the square of OP. To distinguish the form of the 
area let i be prefixed to v ; then u -j- iv denotes the ratio of twice 
the area of the complex sector ^OQ to the square of OA, By 
definition 



cosw = 



cos IV = 



cos U'\-iv — 



OM 
OA' 

ON 
OP' 

OK 
OA' 



smw = 



MP 



■ . NQ 
*" " OP' 



r 



sin tt 4- IV = 



KQ^ 
OA 



Now as in the case of the circle 



OK^ OM ON MP NQ 
OA OA OP OA OP' 
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therefore cos u -j- iv = cos u cos iv — sin u sin iv 

= cos w cosh V — sin u sinh v. 

Similarly ^Q^.M^M+OJ^^ 

^ O^ OA OP^ OA OP 

= sin u cos tv + cos u sin iv 

= sin u cosh v -j- cos u sinh u 

The function cos iv is obtained from cos v by supposing 
I = V— 1 ; and sin iv from sin v by the same process, only the 
V«- 1 common to all the terms must be removed. 

From the symmetry of the formulae it is evident that the 
order of circular-excircular or excircular-circular is indifferent. 



